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We present a numerical study of charged particle motion in a time-independent mag-
netic field in cylindrical geometry. Themagnetic fieldmodel consists of an unperturbed
reversed-shear (non-monotonic q-profile) helical part and a perturbation consisting of
a superposition of modes. Contrary to most of the previous studies, the particle trajec-
tories are computed by directly solving the full Lorentz force equations of motion in a
six-dimensional phase space using a sixth-order, implicit, symplectic Gauss-Legendre
method. The level of stochasticity in the particle orbits is diagnosed using averaged, ef-
fective Poincare sections. It is shown that when only one mode is present the particle
orbits can be stochastic even though the magnetic field line orbits are not stochastic
(i.e. fully integrable). The lack of integrability of the particle orbits in this case is related
to separatrix crossing and the breakdown of the global conservation of the magnetic
moment. Some perturbation consisting of two modes creates resonance overlapping,
leading to Hamiltonian chaos in magnetic field lines. Then, the particle orbits exhibit a
nontrivial dynamics depending on their energy and pitch angle. It is shown that the re-
gionswhere the particlemotion is stochastic decrease as the energy increases. The non-
monotonicity of the q-profile implies the existence of magnetic ITBs (internal transport
barriers) which correspond to shearless flux surfaces located in the vicinity of the q-
profile minimum. It is shown that depending on the energy, these magnetic ITBs might
or might not confine particles. That is, magnetic ITBs act as an energy-dependent par-
ticle confinement filter. Magnetic field lines in reversed-shear configurations exhibit
topological bifurcations (from homoclinic to heteroclinic) due to separatrix reconnec-
tion. We show that a similar but more complex scenario appears in the case of particle
orbits that depends in a non-trivial way on the energy and pitch angle of the particles.
a)Electronic mail: shun.ogawa@cpt.univ-mrs.fr
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I. INTRODUCTION
The motion of a charged particle evolving in a complex magnetic field is investigated with
magnetized plasma confinement in mind. This problem is a long standing issue with many
studies, most of them relying on guiding center and gyrokinetic reductions1–3. These reduc-
tions typically rely on a separation of scales both in space and time. For instance, one assumes
that a spatial scale of the cyclotron motion, the Larmor radius rL, is small enough compared
with the characteristic scale L of the electromagnetic field, and that the cyclotron frequency
is much higher than any other characteristic frequency in the plasma1,2. In the guiding cen-
ter theory, the degrees of freedom in a configurational space are reduced by averaging over a
gyroperiod, the degree of freedom corresponding to the gyrophase is wiped out. The conju-
gate of the gyrophase is the magnetic moment, and it becomes an adiabatic invariant. In the
gyrokinetic approach, gyrokinetic coordinates are introduced starting from the guiding cen-
ter coordinates as a first order approximation, eventually through for instance the use of a
Lie-transform method4, it as well assumes that the newly obtained magnetic moment µgyro
becomes an invariant2. Thus, the dimension of the original system is reduced and in princi-
ple the integration gets to be easier, most notably the computational effort to perform realistic
kinetic simulations of the plasma is greatly reduced, and becomes accessible to current acces-
sible computing facilities. This explains why many studies on magnetized plasmas are based
on numerical codes that integrate up to some accuracies the gyrokinetic equations.
On the other hand, the increased computing power allows us as well to integrate and inves-
tigate long time particle trajectories with small time slice compared with the cyclotronmotion,
and reach for instance the adiabatic time scales, and this is the approach we consider in this
paper. To be more specific, we shall consider the motion of a charged particle in a fixed exter-
nal magnetic field, and deal with the case in which the assumption of the guiding center theory
breaks down. Similar phenomena have been discussed by Landsman et al.5, andmore recently
by Cambon et al.6.
In this settingwe can exhibit some potentially physical relevant effect beyond gyrokinetic or
guiding center reductions. For instance, Recently Pfefferlé et al.7 have found that there exists
a case where the full trajectory and the trajectory obtained from guiding center reduction are
completely different from each other even though the gradient of the magnetic field is 0. In
the same vein, Cambon et al.6 study the full orbit effects of charged particle motion in a mag-
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netic field in toroidal and cylindrical geometry without any assumptions of invariance of the
magnetic moment. Signature of Hamiltonian chaos in phase space was clearly exhibited, even
when the magnetic field is toroidally symmetric. This effect is enhanced when a non-generic
ripple effect that has no radial element and keeps field lines integrable is introduced. In the
chaotic regions, the magnetic moment µ is no longer a constant of motion, and the basic as-
sumptions of the gyrokinetic theory or guiding center theory breaks down. In order to observe
the chaotic motion, a naive Poincaré plot based on spatial periodicity is unconvincing. In-
deed, the Larmor gyration blurs the Poincaré plot, and we cannot really conclude on whether
or not the motion is chaotic. In Cambon et al.6, Poincaré plots were taken for each time when
µ = 〈µ〉time or when dµ/d t = 0 and d2µ/d t2 > 0, where 〈•〉time denotes the time average. Fur-
ther, they also considered that the Hamiltonian HRtor of the toroidal system with radius Rtor
consists of the cylinder part H∞ corresponding to the infinite toroidal radius and the perturba-
tion part Hcurv ∼ 1/Rtor corresponding to a finite curvature. The Hamiltonian H∞ is conserved
when Rtor =∞, and oscillates when Rtor <∞. Then Poincaré plots are taken on the iso-H∞ set,
and the chaos induced with the toroidal geometry are shown. In this paper, we consider at first
the same problem but in a different geometry, namely a purely cylindrical one. The onset of
chaos being triggered by introducing gradually a perturbation in the magnetic field. This al-
lows us to investigate even more the complex relationship between the chaos of field lines and
particle motion. As a consequence of this we examine the feasibility of setting upon internal
transport barrier (ITB)8,9 using givenmagnetic configurations.
To be more specific, of particular interest to the present paper is the study of the role of fi-
nite Larmor radius effects in reversed shear magnetic fields, that is, magnetic configurations
with non-monotonic q-profiles known to exhibit ITBs. The formation of ITB is a complex,
not fully understood process involving several physics mechanics. However, at the heart of
this problem there is a fundamental Hamiltonian dynamical systems problem related to the
perturbation of degenerate Hamiltonian systems with the Hamiltonian H0. In the standard
(non-degenerate) case, integrable Hamiltonians exhibit a monotonic dependence on the ac-
tion. In the one-dimensional case, this implies that the derivative of the unperturbed frequency
with respect to the action, d2H0/d J
2, never vanishes. In N-dimensions this property involves
the Hessian of H0(J1, J2, · · · , JN ), where J1, · · · , JN are actions. The key issue is that the stan-
dard Kolmogorov-Arnold-Moser (KAM) theorem4, as well as many other powerful mathemat-
ical results that determine the fate of integrable Hamiltonians, assume that the Hamiltonian
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is not degenerate. However, as originally discussed in Ref. 10 there are important, physically
relevant problems described by degenerate Hamiltonian systems including transport in non-
monotonic shear flows11 and magnetic chaos in reversed shear configurations8,12. In the latter
case, the degeneracy is directly linked to the non-monotonicity of the q-profile. In particular,
as it is well-known, in the Hamiltonian description of magnetic fields, the flux, χ, plays the
role of the action variable, and the unperturbed frequency, which corresponds to the poloidal
transit frequency, is given by Ω0 = 1/q(χ). In this case, the destruction of shearless KAM sur-
faces, which corresponding to the destruction of ITB located where q exhibits a minimum, is a
problem outside the range of applicability of the standard KAM theory, and extended theories
for non-twist (degenerate) systems13–16 are necessary. The fate of shearless KAM tori in generic
degenerateHamiltonian systemswas first studied in Ref. 10, where its was shown that there are
two processes at play. One is separatrix reconnection that involves a change in the topology of
the iso-contours of the Hamiltonian and the other is the remarkable resilience of shearless tori
due to the anomalous scaling of the higher-order islands forming in the vicinity of the shear-
less point (e.g., minimum of the q-profile). These two processes, separatrix reconnection and
resilience of shearless KAM curves, have been studied in significant detail in the context of the
dynamics of magnetic field line orbits. However, to the best of our knowledge, the present pa-
per is the first systematic study of the impact of these processes in the full particle orbits. In
particular, we are interested in the study of how the topology of the full orbits changes as a re-
sult of the changes in themagnetic field topology in reversed shear configurations. Also, we are
interested in the study the relationship between the robustness of magnetic flux surfaces near
theminimumof the q-profile (i.e. magnetic field ITBs) and the robustness of full particle orbits
transport barriers (i.e. particles ITBs).
Given these aforementioned facts, the paper consists in two different specific parts. In the
first part, we investigate the motion of particles in a configuration when field lines are inte-
grable. In this setting the Poincaré plots are taken on the iso-(angular) momentum set. One
consequence of the existence of chaotic region is that there is no global third integral cor-
responding to the magnetic moment. It is thus important to look into this kind of chaos for
checking validity of global gyrokinetic reductions and for estimation of error coming from the
reductions.
In the second part, we focus on the relation between themagnetic field line and the particle
trajectory, which are closely related. Roughly speaking, the “zeroth” approximationof the guid-
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ing center reduction is along the magnetic field line. It is thus worthwhile to compare both the
particle trajectory and the magnetic field line, when the particle trajectory is chaotic while the
magnetic field line is regular. When themagnetic field lines become chaotic this issue remains,
however in this setting the Poincaré sections on the iso-µ set or iso-angular momentum sets
are not suitable anymore, one reason being that for instance we cannot define a single com-
mon section to represent the particle trajectory and themagnetic field line. To circumvent this
problem, we propose a method using some periodic average of the trajectory in the vicinity of
the magnetic section. This method allows us to compare the particle trajectory and the mag-
netic field line on the same Poincaré section. The result that we find is that in the regular field,
we see a particle trajectory that is roughly regular, but the shape of the trajectory is completely
different from the magnetic field line. Another peculiar effect that we pinpoint is that there
exists a region in which “regular” particle trajectories are found but the magnetic field line is
chaotic. This means that an ITB can be created in a chaotic magnetic field at least for a certain
populationof particleswith some given energies. To bemore specific, we find that the particles
canmove in the chaoticmagnetic region almost randomly, but they cannot cross some specific
region of phase space, they are trapped in a given region implying that an ITB exists.
In order to introduce jointly the two considered questions we have organized the paper as
follows. First, in Sec. II, we introduce the setting that we deal with. The reduced single particle
Hamiltonian for the unperturbed integrable part is derived, and we used a more general for-
malism than what was proposed in Ref. 6. Then, in Sec. III, we introduce and detail the two
differentmethods in order to visualize the particlesmotion and compute numerically Poincaré
sections, for the two considered problems. We then move on to the actual obtained results in
Sec. IV and discuss the motion of the charged particle. More specifically, in Sec. IVA, the ex-
istence of chaotic motion in a regular magnetic field is presented, and in Sec. IVB, the motion
of the particles in a chaotic magnetic field and the problems related to the creation of ITB are
considered. Finally we conclude.
II. MODEL
In this section we introduce the relevant parameters of the considered system and how we
have dealt with it. As mentioned before, we consider themotion of a charged particle in a given
static magnetic field B. The geometry is a cylinder of radius rcyl and a periodicity of 2πRper
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0 z2 Rper
z)
FIG. 1. Sketch of the considered magnetic configuration and coordinate system.
along the axis (see Fig. 1), where Rper is interpreted as “toroidal radius” of a flat torus. The
variables are normalized as done in Ref. 6 by r˜= r/rcyl, t˜ =ωgyrt ,ωgyr = |e|B0/M , and v˜= dr˜/dt˜ ,
where rcyl is radius of the cylindrical domain, and e , M are the charge andmass of the particle.
We use the normalized kinetic energy H˜ = v˜2/2. To obtain the value of the energy in keV, we
simply transform
H = M‖v‖
2
2
=Mω2gyrr 2cylH˜ =
e2B20r
2
cyl
M
H˜ (1)
Then the keV values of energy are obtained by just multiplying (9.58×104)B20r 2cyl ∼ 105, (9.64×
104)B20r
2
cyl
∼ 105, or (1.76.× 108)B20r 2cyl ∼ 108, to the dimensionless energy H˜ , for the proton,
the alpha particle, or the electron respectively. In what follows, we omit tildes for normalized
variables.
The magnetic field B is defined using the vector potential A by B= ∇∧A. Let (r,θ,z) be the
cylindrical coordinates, which are defined as (x, y) = (r cosθ,r sinθ), and the z-axis coincides
with the cylindrical axis. Let q(r ) be a safety factor (winding number) and define the function
F (r )
F (r )= B0
Rper
∫r r ′
q(r ′)
dr ′ . (2)
We divide the vector potential A into an unperturbed integrable part and a perturbation,
A=A0+ǫA1 ,
where
A0(r )=−
B0y
2
ex +
B0x
2
ey −F (r )ez
=−B0r
2
eθ−F (r )ez
, (3)
and
A1(r,θ,z)=
∑
m,n
Aˆmn1 (r )cos
(
mθ−nz/Rper
)
ez . (4)
7
Here ǫ is a small parameter, and ei is the base unit vector for i = x, y,z,r,θ, ...etc..
In order to obtain the magnetic field lines, we recall briefly that these lines are governed by
a Hamiltonian system17,18. Let χ denote the poloidal magnetic flux of the unperturbed part,
we have χ ≡ B0r 2/2. We can associate χ and the poloidal angle θ as canonically conjugated
variables, and the z coordinates acts as the “time.” We then get the equation of the field line
given by
dχ
dz
=−∂H
∂θ
,
dθ
dz
= ∂H
∂χ
, (5)
where H = −Az(θ,χ,z) . We recall that in the zeroth order approximation, a charged particle
moves along the field line on average.
A. Themodel of a particle moving inmagnetic field configuration
The dynamics of a charged particle moving in a magnetic field is governed by the Hamilto-
nian
H(q,p)= ‖p−A(q)‖
2
2
(6)
where we have normalized the mass and the charge of the particle to 1, and ‖ • ‖ denotes the
Euclidean norm in R3 space. Taking the Legendre transformation, we have the Lagrangian,
L = q˙
2
2
+ q˙ ·A(q) (7)
where the upper-dots denote the time derivative, d/dt , and the center-dot denotes the scalar-
product in R3. For the considered magnetic configuration as
L =
(
r˙ 2+ r 2θ˙2+ z˙2)
2
+ B0
2
r 2θ˙+ z˙ Az (r,θ,z)
=
(
r˙ 2+ r 2θ˙2+ z˙2)
2
+ B0
2
r 2θ˙− z˙F (r )
+ǫz˙
∑
m,n
Aˆmn1 (r )cos
(
mθ−nz/Rper
)
.
(8)
In what follows we examine the invariants of the motion for two cases; unperturbed motion
(ǫ = 0), and perturbation with one mode, i.e. Aˆmn1 (r ) 6= 0 for only one (m,n). Perturbations
involving several modes will be addressed in a future paper.
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B. Unperturbedmotion
When the parameter ǫ= 0, θ and z are cyclic and the conjugate momenta, the angular mo-
mentum around the z-axis,
pθ =
∂L
∂θ˙
= r 2θ˙+ B0r
2
2
, (9)
and the translationmomentum along the z-axis,
pz =
∂L
∂z˙
= z˙+ Az0 = z˙−F (r ) (10)
are invariants. Further, due to the time translational symmetry, the energy function H is also
an invariant ofmotion. Thus, there exist three integrals ofmotion and the unperturbedmotion
is completely integrable. Let us note as well that the field lines governed by Eq. (5) are also
integrable.
Taking into account the invariants pθ and pz , we can build an effective Hamiltonian with
one degree of freedom. By making use of the cylindrical coordinates, the kinetic energy H is
written as
H =
(
r˙ 2+ r 2θ˙2+ z˙2
)
2
. (11)
Substituting Eqs. (9) and (10) and pr = ∂L/∂r˙ = r˙ , we end up with the desired one-degree of
freedom effective Hamiltonian Heff
H =Heff(r,pr )=
p2r
2
+Veff(r ;pθ,pz),
Veff(r ;pθ,pz )=
p2
θ
2r 2
+ B0r
2
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+ (F (r )+pz )
2
2
− B0pθ
2
,
(12)
where constants (pθ,pz) are given by the initial conditions.
C. Motion with singlemode perturbation
We now consider the motion of a charged particle in the perturbed field when only one
mode is presented. This means, we are considering the case ǫ > 0 and Aˆmn1 (r ) 6= 0 for a pair
of (m,n), and Aˆmn1 (r ) = 0 for other pairs of (m,n). In this situation the two translational and
rotational symmetries are broken and the two associatedmomentums pθ and pz are no longer
constants of the motion. However, this is an invariant associated with the helical symmetry
along the curve mθ−nz/Rper =Const.. To exhibit it, we introduce new variables (R ,Θ,ζ) given
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by R = r ,Θ= θ−nz/mRper, and ζ= z, we rewrite the Lagrangian (8) as
L =1
2
[
R˙2+R2
(
Θ˙+ nζ˙
mRper
)2
+ ζ˙2
]
+ B0
2
R2Θ˙+ ζ˙
(
nB0R
2
2mRper
+ Aζ(R ,Θ)
)
.
(13)
The coordinate ζ is now cyclic, and
pζ :=
∂L
∂ζ˙
= n
mRper
pθ+pz (14)
is an integral of motion19. In this case, there are only two integrals of motion (the kinetic en-
ergy is of course still an invariant), and as a consequence it is possible that the system is non-
integrable. If it is the case, we can expect the presence of Hamiltonian chaos, as will be shown
later.
Regarding the field lines, they remain integrable. Indeed looking at Eq. (5), the change of
variable θ 7→Θ+nz/mRper corresponds to a Galilean transformationwhich transforms the non
autonomous equation into an autonomous one. Then, changing to the coordinates (Θ,χ), we
end up with an autonomous Hamiltonian system with one degree of freedom, which is com-
pletely integrable.
D. Reversed shearmagnetic field
Non-monotonic q-profiles are known to create magnetic ITB8,12 Since we are interested in
relationship between magnetic ITB and an effective particle barrier, we consider a magnetic
configuration and safety factor q(r ), that was already proposed in20:
q(r )= q0
[
1+λ2 (r −α)2
]
, (15)
where q0,α, and λ are some constants. Note that because q is notmonotonic, there can be two
resonantmagnetic surfaces for a given rational q . The function F (r ) corresponding to this q(r )
is
F (r )= B0
Rper
∫r
0
r ′
q(r ′)
dr ′
= 1
Rperq0
[
ln
(
1+λ2 (r −α)2
)
2λ2
+ arctan(λ(r −α))
λ
]
.
(16)
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The amplitudes of Fourier modes of the perturbation term are set up as follows. Following
Ref. 20, we choose the amplitudes Aˆmn1 (r ) of the Fouriermodes so that A1 has peaks (maximum
intensities) at the points r ∗± satisfying q(r
∗
±)=m/n (i.e on a resonant surface), localized at r ∗± =
α± 1λ
√
m
nq0
−1 and write
Aˆmn1 (r )= a(r )
(
Amn+ (r )+ Amn− (r )
)
, (17)
where
Aˆmn± (r )=
(
r
r ∗±
)m
exp
(
− (r − r
0
±)
2+ (r 0±− r ∗±)2
2σ2
)
r 0± = r ∗±−mσ2/r ∗±,
(18)
where l and σ are positive constants. The function a(r ) is written as
a(r )= 1
2
(
1− tanh
(
r −1
l
))
, (19)
which allows to kill the perturbation outside of the cylinder (r > 1).
III. POINCARÉ SECTION
Since the trajectory lies in a six dimensional phase space, it is difficult to clearly visualize
the full trajectory. In order to circumvent this problem, we make Poincaré plots on a two di-
mensional subset, which is relatively simple for the field lines, but is however rather complex
for the full particle orbit. Indeed, one could naively consider identical section for the field lines
and the particles, meaning section on the planes z = 2πRperN for N ∈N. However, due to the
Larmor gyration, the particle trajectory becomes thick even when the particle motion is com-
pletely integrable. This Larmor gyration blurs the details of the particle motion and makes
thesemore or less useless. In what follows, we discuss twomethods to “suppress” the thickness
of the trajectory and alleviate the problem.
A. On the invariant set for unperturbed integral system
As mentioned before, without perturbation, the motion is integrable. However, when only
onemode is present, only two constants ofmotion exist. In this setting, we choose the Poincaré
section on the invariant sets of the variables which are integrals in the unperturbed system but
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not in the perturbed system, for example, the angular momentum around z-axis pθ, the mo-
mentum pz , the effective Hamiltonian Heff [Eq. (12)], and the unperturbed part of the Hamil-
tonian, H0 = Heff. In this paper we settled on using the iso-pθ plane. As will be shown, this
method is successful in visualizing the presence of chaos generated by the slow motion of the
separatrix in the (r,pr ) phase space. However, it is then difficult to relate it to the field lines and
we cannot compare the charged particle motion with the magnetic field line profile using this
strategy.
B. One period averagingmethod
To visualize the dynamics, even in the absence of constants of motions (except for the en-
ergy), we resort to use an averaging like method to perform a section. As will be shown this
allows us to get rid of the “blurriness” induced by the Larmor gyration. However, we anticipate
that the method may have some caveats if one considers extremely long time, and when slow
adiabatic chaos is present. Despite this, thismethod allows us to get a good idea of the regular-
ity of the motion, at least for the considered simulation time, and none of the techniques used
in the context of the regular magnetic field proved to be adequate. One other advantage is that
this allows amore visual comparison between particlemotion and themagnetic configuration.
As mentioned, in order to compare withmagnetic field, we consider a similar section as the
one performed for the field lines, i.e. we want tomake a “Poincaré” section for each time when
z reaches 2πRperN. This will work for non energetic particles with small Larmor radii, however
when the energy will be increased finite size Larmor effects will end up “blurring” the section
making it impossible to decipher wether or not themotion is regular or chaotic. This is why, we
used the averaging technique. In order to be more explicit, we present below the details of the
numerical procedure we used in order to perform this specific section. Let us now detail the
averagingprocedure. We noteδt the time step in the numerical integration. The crossing of the
section planewill occur when zsec ∈ 2πRperN, and thus around a time tn such that z(tn) satisfies
z(tn)< zsec < z(tn +δt ). It is within a time slice of this crossing that we perform a time average
over one Larmor period. The number of time steps nL occurring during one Larmor gyration
is approximately the integer part of τL/δt , where τL = 2π/‖B‖ is the cyclotoronic period. We
thus compute numerically the nL points of the particle trajectory qk =
(
x(tk ), y(tk),z(tk )
)
for
k = 1,2,3, ...,nL, after crossing the section plane ,meaningwhen tk = tn+kδt . We then transport
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each point qk back on the section plane at zsec along themagnetic field line that passes through
qk . We obtain then the corresponding images {Qk }
nL
k=1 on the section z = zsec. In fact in order
to compute numerically the pointsQk , we do a first order approximation. We assume that the
magnetic field B depends smoothly on q, and that z(tnL ) is not so far from zsec. So to obtain the
Qk , we simply project qk to the section along tangent lines of themagnetic field B at qk . This is
shown schematically in Fig. 2. All the image points are on the section plane plane z = zsec, and
we can write them in Cartesian coordinates as Qk = (Xk ,Yk ,zsec), and the projection along the
filed like yields numerically that Xk and Yk are given respectively by
Xk = x(tk )−
Bx(qk)
Bz (qk)
(z(tk)− zsec) ,
Yk = y(tk )−
By (qk)
Bz(qk)
(z(tk)− zsec).
(20)
To get the final positionof our sectionwe performan average,meaning in the Poincaré sections
of the particle motion that we present with the chaotic magnetic field, we plot the average
points (X (zsec),Y (zsec)) that are obtained by
(X (zsec),Y (zsec))=
1
nL
nL∑
k=1
(Xk ,Yk ) (21)
on each plane z = zsec. As already mentioned using this average we were able to transform a
naively obtained “blurry” trajectory on the plane z = zsec into a trajectory with a much bet-
ter resolution (when motion is integrable or quasi-integrable on the considered time scales).
Roughly speaking we are making a pseudo-reduction: the equation of motion are rigorously
numerically solved, but we perform an average similar to the gyro-average only when we take
the Poincaré plot. The illustrative explanation is exhibited in Fig. 2.
IV. CHARGEDPARTICLEMOTION INMAGNETIC FIELD
In this section we study the chaotic motion in an integrable magnetic field, and investigate
the influence of the kinetic energy and initial pitch angle on the topology of particle trajectories.
In particular, we show that a “regular” region that acts as an effective transport barrier can
appear in a region in which the magnetic field lines are chaotic.
Since we are computing long-time trajectories resolving the Larmor gyration, the equations
ofmotion are integrated using a sixth order implicit symplecticGauss-Legendremethod21. This
is required in order to avoid non-Hamiltonian features such as sinks and sources thatmay arise
using, for instance, a standard Runge-Kuttamethod.
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zsec z1 z2 z3
q1
q2
q3
Q1
Q2
Q3
q4
Q4
z4
FIG. 2. An illustrative explanation of Qk . The bold solid curve and broken curves are the particle’s
trajectory and the magnetic field curves, respectively. The red lines are tangent to the magnetic field
curves for each qk . This method assumes that the magnetic field is smooth and that the particle does
not move fast along the field lines.
r
Veff
FIG. 3. Illustration of an effective potential with one or two wells. The parameters are fixed as q0 = 0.12,
λ = 55, and α = p0.18. Solid and broken curves are obtained for (pθ,pz ) = (0.13,0) and (0.125,0.003)
respectively.
A. Hamiltonian particle chaos in integrablemagnetic field
We first consider chaotic particle orbits in integrablemagnetic field. As shown in Fig. 3, de-
pending on the values of the constants of themotions (initial conditions) pθ and pz and a set of
parameters q0, λ andα determining the safety factor (15), the effective potential in Eq. (12) can
have one or two minima. In the case of a double well as shown in Fig. 4, there is a separatrix.
The presence of this separatrix implies that a small perturbationwill lead to the formation of a
stochastic layer and Hamiltonian chaos. To investigate this possibility, we consider the mag-
netic field with the vector potential A = A0+ ǫA1 where A1 consists of a single cosine mode. As
already mentioned, in this case, the magnetic field lines governed by Eq. (5) are integrable. We
adjust the safety factor and the values of the invariants pθ and pz , so thatVeff leads to the pres-
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pr
r
FIG. 4. The contours of the effective Hamiltonian with a separatrix. Trajectories in phase space of the
integrable case are along each contour.
ence of unstable (homoclinic) point in the (r,pr ) phase space. We take the Poincaré section
for each iso-pθ plane associated with p¯θ := T−1
∫T
0 pθ(t )d t , T = 1000. We remind the reader
that, once the perturbation is turned on, pθ is not a constant of the motion anymore. We also
mention that we can chose the Poincaré section as iso-apθ+bpz plane for any a and b holding
b/a 6= n/mRper. These sections are equivalent when the perturbation consists of a singlemode.
This is because, using the constant of the motion pζ, it can be rewritten as
apθ+bpz = apθ +b
(
pζ−
npθ
mRper
)
=
(
a− nb
mRper
)
pθ+bpζ.
(22)
The chaotic behavior exhibited in Fig. 5 results from the separatix crossing22–25 shown in
Fig. 6. Two trajectories are very close to each other at t = 0, but they cross the separatrix at
completely different times, then the end point (t = 50) are apart from each other.
The presence of chaos confirms the one exhibited by Cambon et al.6. The existence of re-
gions in phase space where the dynamics is not integrable when two constants of motion are
preserved, hints strongly at the fact that no global third constant of the motion exists. It is thus
likely that a constant of the motion related to the magnetic moment does not exist in these
chaotic regions. It seems therefore worthwhile to consider its effect when a global reduction
such as gyrokinetics is performed, or at least to quantify the magnitude of the errors in the
gyrokinetic theory induced by the existence of these regions in comparison to practical errors
resulting from first order development or the numerical scheme when we model the plasma
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FIG. 5. Poincaré plots on the iso-angular momentum planes for different perturbations, ǫ =
10−3,10−4,10−5, and 10−6. The perturbation term consists of a single (m,n) = (3,2) mode. We set the
unperturbed part as (pθ,pz ) = (0.13,0), q0 = 0.12, λ = 55, and α =
p
0.18. In this case, the effective
Hamiltonian has a saddle point at (r,pr )≃ (0.4576,0). The time step δt = 0.05.
using this theory. We do not deal with these issues in this paper. It should be remarked that, the
particle showing chaos in the effective potential exhibited in Fig. 3 is energetic, and its kinetic
energy is approximately 400keV when this particle is an alpha particle or a proton.
We have shown so far that chaotic trajectories of charged particles exist in a magnetic field
with integrable field lines, we now investigate what happens when the field lines are chaotic.
B. Regularmotion in stochastic field
In order to have a configuration with chaotic magnetic field lines, we consider a magnetic
perturbation with more than one mode. More specifically, we consider a perturbation of the
type
ǫA1 = ǫ
(
Aˆ2·31 (r )cos(2θ−3z)+c Aˆ13·171 (r )cos(13θ−17z)
)
(23)
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FIG. 6. Particle trajectories with the initial conditions (x0, y0) = (0.4578,0), (0.4580,0). The end points
for each trajectory correspond to at 1000-th time step. We set the unperturbedpart as (pθ,pz)= (0.13,0),
q0 = 0.12, λ = 55, and α =
p
0.18. In this case, the effective Hamiltonian has a saddle point at (r,pr ) ≃
(0.4576,0). The perturbation is set as ǫ= 0.0001, (m,n)= (3,2). The time step δt = 0.05.
The parameters in Eq. (15) are fixed: q0 = 0.64, λ= 3, andα=
p
0.5. Figures 7 and 8 respectively
show the Poincaré plots of the magnetic field lines for ǫ = 0.0005, 0.0015, and 0.0005 with c =
0.02, and for ǫ = 0.0005, 0.0015 and 0.0015 with c = 0. The other parameters are set as in the
integrable case. The Poincaré sections, are simply performed when z reaches 2πRperN. When
the amplitude of themodes, ǫ and ǫc respectively are large enough, the two resonances created
by two modes overlap, and Hamiltonian chaos emerges in the magnetic field line26. Although,
even if there exist two modes, no chaotic field lines emerged when ǫ is small, (see the case
ǫ = 0.0005 in Fig. 7). We can notice that in some situations, we have a region with regular tori
that cross the entire section, meaning that we have a range of r which acts as an ITB, if the
particle trajectories where just bound to follow field lines. One question then arises: do these
magnetic ITBs works as ITBs for particles? In order to answer it, we compute as well Poincaré
sections of the full particle trajectories. It is in this setting that we resort to the “averaging”
method to compute the sections. Indeed we do not have any constant besides the energy that
is left, moreover this section allows us to have a visual comparison with what happens for the
field lines.
Before moving on we would like to mention that there exist several criteria or indices
of chaos (stochasticity), for example, Melnikov function, Lyapunov characteristic exponent,
Kolmogorov-Sinai entropy, or Chirikov criterion for resonance overlapping4,26,27. The chaos of
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FIG. 7. Magnetic field lines with ǫ= 0.0005,0.0015, and 0.0045, and c = 0.02.
field lines is explained by the resonance overlapping, but we only reveal the chaotic nature of
trajectories using the tool developed by Poincaré, namely Poincaré sections and do not exam-
ine any of the aforementioned criteria for the particle trajectory. We just look visualized results
exhibited in Figs. 9 and 10 and discuss about qualitative difference between the field lines and
the particle trajectories. Regarding chaos per se, as the presence of a chaotic sea does not
prevent the system from eventually having a zero Lyapunov exponent and displaying so called
weak chaos features28,29. They are though sufficient to show that the system is not integrable.
The initial condition of the particles are defined by the kinetic energy E =~v2/2, initial posi-
tion q0, and the pitch angle φ0 between initial velocity v0 and the magnetic field at the initial
point B(q0):
v∥ =
p
2E cosφ0
B
‖B‖ , v⊥ =
p
2E sinφ0
ez ∧B
‖ez ∧B‖
. (24)
The particle trajectories are exhibited in Figs. 9 and 10 for different values of energy E and
different pitch angle φ0.
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FIG. 8. Magnetic field lines, with ǫ= 0.0005,0.0015, and 0.0045 and c = 0.
Thick regular regions dividing the chaotic region appear in two cases. The first case is when
the energy E is large and the initial pitch angleφ0 is small. In this case, we cannot find an island
around the elliptical critical point which is found in the Poincaré plot of themagnetic field line
(Fig. 7). Further, the topological structure of the particle trajectory strongly depends on the
energy. The other case is when the initial pitch angle φ0 is large. There is then a thick regular
region between two stochastic regions including two islands. Unlike the small pitch angle case,
the topological structure of the trajectory does not depend on the energy. In both cases, the
shape of the particle trajectory is completely different from themagnetic field line profile.
Let us investigate what happens in the small initial pitch angle case. When the kinetic en-
ergy is quite low, the particle moves along the magnetic field and the topological structure of
the trajectory is similar to the field line profile. When the energy increases, we notice that the
particlemoves as if it effectively feels amagnetic fieldwith larger ǫ (see Figs. 7 and 8). Let v0∥ and
v0⊥ be velocity parallel and perpendicular to b
0 = B0/‖B0‖ (the unit vector along the magnetic
line). The particle motion is determined by the equation dv/dt = v∧B. Due to the small pitch
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FIG. 9. Poincaré plots obtained from the full orbit with initial pitch angle φ0 = 0, and energy 0.00001
0.0001, 0.0005 and 0.001 (respectively 1, 10, 50, and 100keV for proton or alpha particle). We set ǫ =
0.0015 and c = 0.02.
angle, we can assume ‖v0⊥‖≪ ‖v0∥‖, and conclude
‖v0⊥∧B0‖& ǫ‖v0∥∧B1‖≫ ǫ‖v0⊥∧B1‖, (25)
where v0∥∧B0 = 0 by definition. The leading term of the Lorentz force is hence
v∧B≃ v0⊥∧B0+ǫv0∥∧B1. (26)
The first term of the right-hand-side gives the unperturbed motion, and the second one the
perturbation effect. If the parallel velocity ‖v0∥‖ is larger, the perturbation term ǫv0∥∧B1 is rel-
atively larger compered with the unperturbed part. In other words, the weight of the pertur-
bation in the equation of motion becomes heavier than the unperturbed part. The particle
therefore effectively feels a magnetic field with a large ǫ as shown in Fig. 9. The change in the
particle trajectory as the energy increases is similar to the change of themagnetic field trajecto-
ries, (heteroclinic like→ homoclinic like) as ǫ increasing in themagnetic field lines (see. Fig. 8).
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FIG. 10. Poincaré plots obtained from the full orbit with initial pitch angleφ0 = 1.25, and energy 0.00005,
0.0001, 0.0005, 0.001, and 0.005. (respectively 1, 10, 50, 100, and 500keV for proton or alpha particle). We
set ǫ= 0.0015 and c = 0.02.
Indeed, for low energy (E = 0.00001), the particle trajectories are very similar to the field line
trajectories. We can see the homoclinic like structure when the perturbation ǫ is large in Figs. 7
and 8, and the plot for E = 0.0001 in Fig. 9 is similar to them. As the energy increases, this is not
the case, because the drift effects become dominant1,30. In particular, the leading order term
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Small initial pitch angle Large initial pitch angle
High
energy Effect of magnetic field perturbation is suppressed,
⇑ Effect of magnetic fieldperturbation in trajectory
becomes larger.
and
ITB appears and
gets to be wider.
Low
energy Particles move along magnetic field line.
TABLE I. Summary of topology change
of the curvature drift velocity,
v0cd =
‖v0∥‖2
ω0gyr
b0∧κ0, κ= b0 ·∇b0, (27)
is proportional to ‖v0∥‖2, where ωgyr denotes the gyro-frequency. As shown in Fig. 9 for E =
0.0005, a regular region that acts as an ITB appears between two chaotic regions. As the energy
increases, perturbation effect is suppressed and the ITB becomes wider.
When the pitch angle is large, ‖v0⊥‖ > ‖v∥‖ and
‖v0⊥∧B0‖≫ ǫ‖v0⊥∧B1‖& ǫ‖v0∥∧B1‖. (28)
Unlike in case in Eq. (25), the ratio between the unperturbed part and perturbation part in the
Lorentz force is independent of the energy. Therefore, the energy cannot affect the topology of
the particle trajectories as strongly as in the low energy case in Eq. (25). However, as the energy
increases, the Larmor radius becomes large, the particle gyrates quickly, and the perturbation is
averaged and wiped out. In this case, the structure of the particle orbits quantitatively changes
as the energy increases, the chaotic region gets to be smaller and the ITB appears and becomes
wider.
It should be remarked that it has already been discussed that finite Larmor radius effects
suppress the chaotic behavior in different situation31,32. In this paper we have dealt with the
six dimensional system with a magnetic field having several modes and a trivial electric field
E = 0. On the other hand, in del-Castillo-Negrete and Martinell31,32, the similar perturbation
suppression by the finite Larmor radius effect has been considered for a three dimensional
system; an E × B test particle model, with an ideal magnetic field and the perturbation was
introduced through somemodes of the electric field.
22
V. CONCLUSION ANDREMARK
We have studied charged particle motion in a magnetic field in cylindric geometry. Electric
field and radiation of the particle and back reaction effects have been neglected and will be
studied in a future publication.
In the first part, we have shown the existence of chaotic particlemotion in regular integrable
magnetic fields. To study this phenomenon, we have constructed Poincaré sections on the iso-
pθ plane. We have derived the effective Hamiltonian Heff from the unperturbed Hamiltonian
directly from the full Hamiltonian unperturbed magnetic field depending only on r . We have
then considered adding a magnetic perturbation with only one mode. In this setting, the orig-
inal two invariants of the unperturbed system, pθ and pz , oscillate and so does the separatrix
of the effective Hamiltonian Heff. As a consequence of separatrix crossing, Hamiltonian chaos
ariseswith the formation of a stochastic layer22–24. Wehave shown that the particles close to the
separatrix of Heff in the (r,pr ) plane display stochastic behavior, and thewidth of the stochastic
zone scales like
p
ǫ as expected. Particles far from this regionmove regularly, This result allows
to estimate the density of particles having chaotic trajectories in the integrable field, which
might be useful for estimating potential errors introduced by global gyrokinetic reductions.
In the second part, we have discussed the link between the topology of the magnetic field
lines and the topology of the particle trajectories. In this case, it is necessary to take a Poincaré
plot on the plane z ∈ 2πZ to compare the particle motion with the field line orbits. If one takes
Poincaré plots naively, it is hard to observe what actually happens, due to the finite Larmor
radius. To address this problem, we have proposed a method to construct effective “Poincaré
plots”. Using this method, we have found that topology of the magnetic field lines and the
topology of particle trajectories in the real space can be significantly different. When the parti-
cle energy is high and the pitch angle is small, the structure of the particle trajectory is similar
to the one of themagnetic field linewith an effective perturbation ǫeff larger than the actual one
ǫ. This phenomenon has been explained by the balance of the unperturbed term v0⊥∧B0 and
the dominant perturbation term ǫv0∥∧B1. A small pitch angle implies that the energy scales as
H ≃ ‖v0∥‖2/2, and the perturbation term gets to be larger as H becomes larger. However, when
the pitch angle is large, the shape of particle trajectories seems to be independent on the en-
ergy. This is because the ratio of the unperturbed part and the perturbed part in the Lorentz
force is not so drastically changed when the energy increases unlike the first case. Qualitative
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investigations on the large finite Larmor radius effect appear to be necessary. We showed that
even though magnetic barrier is destroyed, the ITB actually remained effective for a given en-
ergy range of the particles. On the one hand, it is possible that particles with small pitch angle
and with some values of kinetic energy destroy the magnetic ITB, because the structure of the
particle orbit is changed qualitatively as we have exhibited in Fig. 9. This does not happen for
particles with large pitch angle. In this case, the ITB acts more like a filter than a real barrier.
More precise studies, like taking into account the effects of the electric field are important in or-
der to consider this result relevant for the confinement of fusion plasmas, but these preliminary
results are promising.
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